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Abstract: We propose a method for determining the exact correspondence between 
the Wilsonian cut-off scale on the boundary and its holographically dual bulk theory. We 
systematically construct the multi-trace Wilsonian effective action from holographic renor- 
malisation and evolve it by integrating out the asymptotically Anti-de Sitter bulk geometry 
with scalar probes. The Wilsonian nature of the effective action is shown by proving that 
it must be either double-trace, closing in on itself under successive integrations, or have an 
infinite series of multi-trace terms. Focusing on composite scalar operator renormalisation, 
we relate the Callan-Symanzik equation, the flow of the scalar anomalous dimension and 
the multi-trace beta functions to their dual RG flows in the bulk. Establishing physical 
renormalisation conditions on the behaviour of the large- N anomalous dimension then en- 
ables us to extract the energy scales. Examples of pure AdS, GPPZ flow, black brane in 
AdS, M2 and M5 branes are studied before we generalise our results to arbitrary numbers of 
mass and thermal deformations of an ultra-violet CFT. Relations between the undeformed 
Wilsonian cut-off, deformation scales and the deformed Wilsonian cut-off are discussed, as 
is phenomenology of each considered background. We see how a mass gap, the emergent 
infra-red CFT scaling, etc. arise in different effective theories. We also argue that these 
results can have alternative interpretations through the flow of the conformal anomaly or 
the Ricci scalar curvature of boundary branes. They show consistency with the c-theorem. 
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1 Introduction 

Beyond its fundamental conceptual importance to physics, the holographic duality or 
AdS/CFT correspondence [1-3] has provided us with a very useful tool for the study 
of strongly coupled field theories. The correspondence enables us to calculate field theory 
predictions directly from their weakly coupled classical gravity duals. The string theory, or 
gravity, side of the duality is formulated in a bulk spacetime with an extra radial dimension 
compared to its holographic field theory dual, which lives on the bulk's boundary. The 
radial coordinate can be understood as an energy scale of the dual theory [1, 4, 5]. In an 
asymptotically Anti-de Sitter spacetime, the metric tensor diverges at the boundary, which 
corresponds to a UV divergence of the field theory. This further establishes the IR/UV 
correspondence between the two dual theories [4, 5]. 

Details of the strongly coupled field theories dual to theories in the bulk are usually 
unknown. An interesting question in its own right therefore becomes even more crucial 
for further understanding of the duality: how can we precisely understand renormalisation 
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group flows of the boundary theory by exploiting the duality between its energy scale and 
the radial coordinate? Since the early days of the correspondence numerous papers have 
explored this question, with some among the earlier ones: [6-13]. 

A conformal field theory at the AdS infinity can naturally be interpreted as a UV fixed 
point with its cut-off taken to infinity, without the theory running into problems such as 
a Landau pole. We would then like to know how to formulate the Wilsonian procedure 
of integrating out the UV degrees of freedom and flowing towards the IR [14-18]. This 
can, in fact, be done on the gravity side, as shown by Faulkner, Liu and Rangamani in 
[19] and Heemskerk and Polchinski in [20], in a way which is completely analogous to 
the Wilsonian renormalisation group. The procedure is based on integrating out shells of 
geometry along the radial direction, while keeping the overall path integral fixed. Other 
recent developments on the subject include [21-32]. 

It is the goal of this paper to further develop the correspondence between the Wilso- 
nian picture and the bulk integration of geometry. In particular, we wish to propose a 
systematic procedure for finding an exact dictionary between the hard Wilsonian cut-off 
scale on the field theory side and its dual bulk description. We also wish to show that the 
effective Wilsonian action must either include an infinite set of multi-trace operators or 
close in on its double-trace sector under the renormalisation group flow. This would provide 
additional convincing evidence that it is possible to construct, directly from holography, a 
renormalisation group procedure of the boundary field theory which is fully Wilsonian. Un- 
derstanding how different energy scales in a field theory, and their mixing, carry over from 
the dual geometric picture is important for making holography more precise. Furthermore, 
it is of considerable interest to the model-building of condensed matter and particle theory 
systems with holographic duals. Most realistic systems do not exhibit conformal, or scale, 
invariance. It is therefore useful to understand how various UV conformal theories can 
be deformed to reproduce some desired phenomenological behaviour by their effective IR 
theories. Once we have found such a bulk theory, all calculations could then be performed 
at the conformal point where holography is well understood. Physical predictions, such 
as the renormalised correlation functions remain invariant under renormalisation group 
transformations, thus providing us with a source of descriptions of IR phenomena by IR 
effective theories with UV completions. 

We focus on asymptotically Anti-de Sitter bulks with propagating scalar fields. Specif- 
ically, we wish to understand the proportionality between the energy scale and the radial 
coordinate. Once this is understood for conformal theories, such as the J\f - 4 super Yang- 
Mills, we study the same theory with mass, thermal and density deformations to see how 
they alter the RG running of the Wilsonian scale. Further cases are also studied of the 
near-extremal M2 and M5 branes at finite temperature. Finally, we generalise the proce- 
dure to include an arbitrary number of mass deformations and Lorentz-invariance breaking 
thermal deformations, with the latter being induced by horizons of black branes. We will 
also analyse the phenomenology of each studied example and extract various physical inter- 
pretations of theories from the flows of the RG scales. Among them will be the indications 
for the existence of a mass gap in the confining GPPZ case, a mass gap and the emergent 
infra-red CFT scaling in duals of black branes in AdS, the mixing of different energy scales, 
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etc. 

In order to develop the procedure of extracting the dependence of the cut-off on the 
bulk physics, we will establish a systematic way of finding the bare boundary action, which 
will run under the RG transformations of integrating out the bulk. We first use the fact 
that in order to have a well-defined and finite holographic description at the AdS infinity, 
we need to regulate and renormalise the boundary action. This is done using holographic 
renormalisation [33-36] , whereby counter-terms are introduced to exactly cancel off diver- 
gences in the limit of the AdS infinity. We use a combination of the regularised action 
and holographic counter-terms to write the bare action, and then permit various terms 
in it to run. The procedure yields the bare effective boundary action with extra terms, 
which in the Wilsonian RG come from the structure of counter-terms. This agrees with 
the expectation that the additional effective terms must be invariant under the full sym- 
metries of the field theory. But these are precisely the isometries of the bulk under which 
the counter-terms must transform. The procedure established in [19] can then be used to 
evolve the effective action under the RG flow. Through a careful definition of the wavefunc- 
tion renormalisation, the double-trace coupling can be related to the anomalous dimension 
of scalar operators in large- A theories. The role of multi-trace deformations in AdS/CFT 
was studied, among other papers, in [37, 40-44]. From the large- A field theory point of 
view, these works relate to [57, 58], for example. 

Once we have established how the Callan-Symanzik equation and the flow of the 
anomalous dimension of the field theory operators translate to the RG equations in the 
bulk, we can then analyse them in various scenarios. It is the flow of the anomalous di- 
mension, proportional to the double-trace beta function, that allows us to find the exact 
dependence of the Wilsonian cut-off scale on quantities describing the physics in the bulk. 
This is done through a set of physical renormalisation conditions that the wavefunction 
renormalisation, and hence the anomalous dimension, must satisfy in any field theory. 
They tell us, given some physical operator momentum we wish to probe, where the flow 
will terminate as deep in the bulk as possible. The position can then be directly translated 
into the Wilsonian cut-off, which cannot be lowered below some physical momentum scale 
of interest. We will also see how these conditions can be shown to be consistent with the 
c-theorem [12, 44, 45, 68-71]. 

The paper is structured as follows: 
In section 2, we set up the procedure of obtaining the Wilsonian renormalisation group 
from holographic renormalisation and integrating out bulk geometry for theories with bulk 
scalars. In 2.1 we show how to construct the running bare effective boundary action from 
the bulk physics, by using the structure of the holographic counter-terms. In 2.2 we use 
the work of [19] to derive the full set of renormalisation group equations describing the flow 
of the effective action. In 2.3 we use a definition of the wavefunction renormalisation to 
establish the connection between the bulk construction and the Callan-Symanzik equation 
on the field theory side of the duality. This results in an interpretation of the Wilsonian 
scalar composite operator renormalisation. We also comment on thermal scalings of oper- 
ator dimensions. 

In section 3 we examine physical conditions that the anomalous dimension should obey, in 
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order to establish boundary conditions for the differential RG equation describing its flow. 
By evolving the UV Wilsonian cut-off down to some operator momentum we wish to probe, 
or moving the brane into the bulk in the gravity picture, this allows us to find an inequality 
relating the physical energy-momentum and the hard cut-off. Functional dependence of 
the cut-off on the bulk is then examined in several cases with different bulk geometries. 
First we look at pure AdS with J\f = 4 dual theory. Then we add a mass deformation 
(GPPZ flow), and later temperature, as well as density, by introducing a black brane into 
the bulk. Afterwards, we study the case of near-extremal thermal M2 and M5 branes. We 
also generalise the discussion to include arbitrary, simultaneous mass and thermal defor- 
mations. Relations between the hard Wilsonian cut-off and individual scales appearing in 
the theories are studied in detail and phenomenology of each example is discussed. 
Section 4 includes a brief discussion on how our results can be alternatively interpreted as 
the running of the conformal anomaly or the Ricci scalar curvature of branes with dual 
field theories. A connection to the c-theorem is also discussed. 

In section 5, we study the full infinite set of multi-trace terms in the Wilsonian effective 
action to provide further evidence for the Wilsonian nature of the constructed renormal- 
isation group procedure. We show that the effective action is either quadratic, in which 
case it closes in on itself under the RG flow, or infinite, which is in full accordance with 
field theoretic expectations. We also explore the systematics for finding a formal solution 
of the entire set of multi-trace couplings. 

Finally, in section 6, we comment on the results of our analysis and point out some open 
questions. 

2 Prom holographic to Wilsonian renormalisation group 
2.1 The effective boundary action 

We begin our analysis by systematically constructing the Wilsonian renormalisation group 
from holography. We will focus on scalar operators and only consider scalar field theories in 
the bulk, as dictated by the AdS/CFT dictionary [2, 3]. Throughout this work, Lorentzian 
bulk metrics Gmn will have an asymptotically Anti-de Sitter boundary at radial position 
r = in Poincare-like coordinates to ensure a dual field theory with a conformal UV fixed 
point. We use capital Latin indices for d + 1 bulk dimensions and reserve Greek indices for 
induced metrics on d-dimensional branes with dual field theories. The metric of the 
pure AdSd+i is 



We set the AdS radius to L = 1 throughout this work. 

Wilsonian renormalisation group analysis starts with a quantum field theory with a 
UV cut-off Ao [14—18]. It is important for us to be able to take Ao -> oo without running 
into problems, such as a Landau pole, and to begin the flow at a fixed point. In field 
theory, a momentum shell is then integrated out, leaving us with an effective Lagrangian, 
which includes all possible terms permitted by the symmetries. The theory also has a new 
hard cut-off Ai. On the gravity side, a dual procedure was recently proposed in [19, 20]. 



ds 2 = — (-dt 2 + dx\_ x + dr 2 ) . 
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It was shown that by integrating out shells of geometry along the radial coordinate, an 
effective theory is produced on the boundary, which had been moved further into the bulk, 
from r = pq to p\. This adheres to the expectation that the energy scale of a field theory 
is inversely proportional to the radial coordinate, A oc 1/r [4, 5]. Having integrated out a 
slice between po, which relates to Ao, and p\, we expect the lowered Wilsonian cut-off to 
be a function Ai(pi). Determining the exact functional dependence of A( / o) is the goal of 
this analysis. Note that we will be using the variable p to specify the radial position of the 
brane with a dual, distinguishing it from a coordinate variable r. 

The first question we need to address is how to systematically obtain additional terms 
in the effective boundary action so that we can use the RG evolution procedure of [19]. 
To show that this can be done by using the structure of the holographic counter-terms, 
we first note that all our flows start from the AdS boundary where the metric, as well 
as the boundary action from which dual correlation functions are extracted, diverge. It 
is standard to use holographic renormalisation [33-36] to regulate these divergences by 
defining the brane theory at r - po, dual to Ao, very close to the AdS infinity. 

The expression for this regulated bare boundary action, Sb[/?o] = Sb S [po]i is obtained 
from the boundary term of the gravitational bulk action Sbulk that remains after using 
classical equations of motion. In fact, Sbulk = -<Sb[Po]> with the minus sign coming from 
the lower end of integration between po and the horizon, or infinity. A saddle point approx- 
imation of the full path integral is allowed as we are only working with large- N theories. 
We thus construct an action including both brane and bulk dynamics in such a way that 
it vanishes on-shell: 

S = S B [po] + f d d+l x^GC ($,<9 M $) , (2.2) 

r>p 

where the second term is Sbulk and C (<£, &m = -\dM^d M ^ ~ V(&). We assume a 
polynomial potential V(<&) = |m 2< 3? 2 + Y,n=3 ^b n & n , with the mass term kept explicit. 
The boundary action Sb can also be viewed in the sense of [20], as the UV part of the 
bulk integral coming from the infinitesimally thin < r < po region. Using semi-classical 
approximation, imagine that we are performing a path integral over <J> = $ + <!>, where $ is 
the classical value and <3? a small quantum perturbation. To integrate out the region < 
r < po where po is infinitesimally close to r = 0, we first integrate Sbulk by parts. The setup 
now enables us to neglect the (d + l)-dimensional contribution between two boundaries. 
This is because the $ contribution, vanishes by equations of motion. As for additional 
contributions, we assumed that $ was very small and that the volume of space between 
two boundaries was infinitesimally small. At the boundaries of the bulk, the configuration 
space of <3? is fixed so $(0) = 0. To a linear order in $, and in the limit po -> 0, we can cancel 
the classical contributions between two boundaries, \J -GG rr &d r &\ r=po - \/-GG rr &d r &\ r= o, 
leaving us only -| f d d xv-GG rr $d r $. This is precisely the boundary Sb we would get 
from the on-shell contribution of Sbulk- We therefore have 

Sb[po] = -\ J d d xV^GG rr <f>d r <!>. (2.3) 

r=p 
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Treating the radial coordinate as time, we can define the bare canonical conjugate momen- 
tum as 

Ilg e — -^GG rr d r $. (2.4) 

In the language of holographic renormalisation, we define the subtracted boundary 
action as 

S B ub [Po] = iWo]-^M (2.5) 

where terms in the counter-term action S^" are taken to exactly equal divergent pieces 
of S*b as po 0, resulting in a "minimal-subtraction" scheme at all momentum scales, 
which we will be using throughout this work. Subtracting the counter-terms from the 
initial Sb[po] therefore makes the overall on-shell action finite in the po -*■ limit and 
removes all contact terms. A definition of the renormalised action naturally follows from 
the subtracted action via relation 

S^e limflS*[po]. ( 2 - 6 ) 

po-*0 

We further define, in analogy with IIb, a canonical conjugate momentum 

which gives, using (2.5), a redefinition of the bare action useful for construction of the 
Wilsonian effective action, 



SB[po] = lfd d xIL$ + S¥-[p Q ]. (2i 



r=po 



The holographic counter-terms take a general form of 

Sg-M = - f d d x^g(^& + Y, —$ n + lf,c n $c%$ + ...) , (2.9) 

T J po \ z n=l n Z n=l I 

with additional terms proportional to the Ricci curvature of g, possible higher derivative 
terms and terms arising from the conformal anomaly [33-36]. In the standard quantisation, 
A + = d — A_ is the CFT operator dimension and n™ is the d'Alembertian operator on the 

metric g^ u . As usual, we use A ± = | ± v = | ± \l (|) 2 + m 2 . Note that we will be working 
in standard Dirichlet quantisation, which will be reflected in the identification of <j) as the 
source of the dual operator O, of which the vacuum expectation (O) is determined by II. 
At po, the source is related to the bulk scalar as $ = p ~(j). Despite the fact that the 
structure of multi-trace operators [37, 41-43] in the effective action is more apparent in 
mixed and alternative (Neumann) quantisations, we wish to avoid limitations imposed by 
unitarity on the interval of operator dimensions where only Aq = | - v with v e [0, 1] are 
allowed. Mixed quantisation is a hybrid of Dirichlet and Neumann boundary conditions, 
but behaves as alternative at the initial cut-off. The vacuum of the theory runs towards 
the Dirichlet quantisation [40, 44]. Dirichlet and Neumann quantisations are related by 
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a Legendre transformation and their connection has been explored in many references, 
among them [19, 38, 39, 45]. 

Under the RG transformation p -*■ p + dp, we begin with a flow from pq. The bulk 
action will change as we reduce the bulk by integrating out slices of geometry. Since we are 
working with large- ./V theories, this in practice means that <Sbuik only changes its integration 
region [p, oo) to [p+dp, oo) in (2.2). In the Wilsonian RG, the partition function of the bare 
action is kept fixed under the flow. Analogously, we will fix the full action S from (2.2) so 
that Sb will flow to compensate for the change of Sbuik- We saw that 5b [po] was the same 
as the semi-classical path integral contribution from r e [0,po]j implying that S defines 
the entire bulk theory as well as its dual. Dual scalar operators O will therefore run as 
bare operators in quantum field theory, and with a sensible definition of the wavefunction 
renormalisation, they will keep the renormalised operators invariant. Using the relation 
between the bulk scalar $ and the source (ft, we can generalise their relation to permit for 
the running of the bare source. We define 

$(p) = p A -Z(p)cft(p), (2.10) 

with Z(po) = 1. On dimensional grounds, from definition (2.4), we expect Hb to transform 
under the scaling RG transformation, p -*■ p = po + Sp, as 



n B (*0 = (-) A+ z(p)u B ( Po ). (2.ii) 



Finally, we generalise the bare boundary action constructed in (2.5) to permit for all 
its coefficients and operators to run along the flow. We also, at this point, take the po -*■ 
limit. The action becomes 



S B [p] = a(p) +J d d x^g 



in °° i 

11 : * - £ AAn*" 



2 „=2 n 



(2.12) 



where a, U and A are now functions of p, which will run under the RG flow equations. In a 
fixed background Gmn, the induced g^yS on d-dimensional boundaries are fixed functions 
of r, and hence p. Polynomial terms directly correspond to counter-terms permitting for 
a potentially necessary series of such terms. Their structure is completely determined by 
holographic renormalisation and each term transforms under the bulk isometries. This 
is crucial, as bulk isometries correspond to symmetries of the dual gauge theory and we 
expect only such terms to arise in the Wilsonian effective action. 5b [p] can then be 
considered as the effective action of the Wilsonian renormalisation group of composite 
operators O. In alternative quantisation where $ ~ O, the multi-trace structure becomes 
immediately apparent and each term corresponds to the O n effective term. Furthermore, 
the holographic counter-terms determine the initial values of the effective cosmological 
constant a, the running conjugate momentum II and coefficients X n at the start of the 
flow: 

a(0) = 0, n(0) = n , A 2 (0) = A_ = a 2 , A n (0) = a n . (2.13) 
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Notice that we did not include any derivative or logarithmic terms in (2.12). Compared 
to the original counter-terms (2.9), this vast simplification in the structure of the effective 
terms is possible because of a well-defined po -> limit resulting from the asymptotically 
AdS structure of considered spacetimes. For well-behaved bulk scalars and their derivatives 
near the initial arbitrary po, as ensured by the boundary condition and a smooth metric, 
derivative terms <3?'n™<I> m vanish in momentum space. To see this, consider first the ci$a g & 
counter-term. In the momentum space representation of 3>, e involves a contraction 
with the Minkowski metric and not the induced g^ v . The counter-term ci$ u g &\ r =p 
therefore gives the c\p^k 2 <&(k)Q(-k) momentum space contribution to the effective action 
in asymptotically AdS spaces. On the other hand, the coefficient in the A_<&(fc)<i>(-fc) 
term includes no factors of p\. Hence, the ci<3? u g $ counter-term vanishes in the limit of 
po -*■ 0, where we wish to begin the RG flow at the extreme UV fixed point. We see that 
the boundary condition (2.13) on A2 would still apply, even in the explicit presence of an 
added double-trace derivative term. The running of c\ can thus be simply absorbed in A2. 
For the same reason, other counter-terms with derivatives also vanish in the limit. The 
logarithmic terms coming from the conformal anomaly vanish in this limit as well because 
they typically appear inside the coefficients of derivative terms. The coefficients of such 
terms behave as /^(lnpo)™ when n > 1 and so we may again absorb them into A„'s 
without affecting the RG flow. Another reason for this simplification is that in the RG flow 
equations, only derivatives with respect to p appear and not the momentum. Additional 
momentum terms in the effective action 5b therefore do not matter in this setup and can 
in general be thought of as absorbed into A n 's. We conclude that the polynomial structure 
of $ n terms in (2.12) is sufficient to account for the entire RG flow. 

An example where this structure fails is the Coulomb branch of the J\f - 4 theory, 
which has a counter-term (l + 1/lnpg) $ 2 at the initial po cut-off boundary [35]. Further 
care then needs to be taken when specifying the boundary conditions for A n and we expect 
that in some cases the divergent counter-terms prevent us from taking po -* altogether. 
The flow must then begin at po > 0. This is, of course, not surprising in theories with 
a Landau pole, which may arise particularly in some scenarios on the Coulomb branch. 
We will not consider such examples in this paper and in our case the above simplification 
applies to all studied RG flows. 

The running coefficients A n will become functions of p 2 k 2 as well as other physical 
scales along the flow. They can therefore be expanded in powers of the momentum. 
This implies that when we transform them back to position space, the bare effective ac- 
tion (2.12) will organise itself as the gradient expansion with cut-off dependent terms 
j^O □ O + ... + jf^O O + .... We will therefore still find an infinite series of derivative 
terms, as is expected in the Wilsonian effective action, despite our only keeping the non- 
derivative terms in (2.12) as po -* 0. Momentum dependence will arise from the derivative 
kinetic term in the bulk action and descend to all of the A„(/c)'s through the coupled 
differential equations for A n 's. Note that we are only working with scalar bulk theories 
with two- derivative Lagrangians. In theories with higher derivatives, which may arise from 
supergravity, additional complications would occur. 
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2.2 Renormalisation group equations 

With an effective boundary action SbM which we built from the structure of holographic 
renormalisation, we now follow [19] and derive renormalisation group equations for the flow 
of (2.12). They are obtained by varying the position of the brane, p -* p + 5p, and insisting 
that the overall bare action (2.2) remains constant at any r-p: 

d P S B [ P ] = -f d d x % = -fd d x(^^- y^G£ d M $)) • (2.14) 



r=p r=p 



Since we are neglecting the metric backreaction, components of Gmn are simply treated 
as functions of r. H stands for the Hamiltonian density with r treated as time, making 
this a Schrodinger-type evolution equation [20, 46], or a Hamilton- Jacobi equation [10, 48]. 
Using definition (2.4), equation (2.14) can be rewritten as 

VG^(pjd p S B = - f d d x^(± (^) 2 + + V(*)\ , (2.15) 

r-p * ' 

where in case of a singularity in Gmn-, we must be more careful before dividing both sides 
by G rr . Now since we are working with Dirichlet boundary conditions, we can insist on 
the bulk scalar $ to remain constant on the moving brane surface throughout the flow, 
i.e. dpQ = 0. This is equivalent to a general Dirichlet problem [47] and related to the more 
general analysis of [32]. Despite fixing 3>, S-q still has enough structure for the flow to run. 
Furthermore, it is important to keep in mind that the source (f>, as defined in (2.10), will 
still run. Matching the powers of we derive the following set of differential equations 
describing the RG flow: 

v / G^a p n = -2A 2 n, (2.16) 

-7 =d P (y^A 2 ) = - A| + k^ + m 2 + -^=\ 3 U, (2.17) 

V^G ^/ r 5 

= <9p (V~9^n) = - — J] ^mKi+2-rn + , A n+ lII + b n (2-18) 



and 



-Lx ^ m =2 V 9 



V^G " 2 9 J (2») 

The factor of 2 in (2.16) comes from the <5n/<5<3? variation between two canonical conjugates. 
Given that we fixed <]?, it is not surprising that II has to incorporate the total running of 
the action, proportional to two units of <£. II therefore has to run differently than the bare 
Hb in (2.11). We could have equally well used the flux factor term to which we come 
in section 2.3, instead of II. If we had treated <3? and IT as independent, then the differential 
equation (2.16), without the factor of 2, would hold for IT. The full (2.16) would describe 
the running of II 2 . The analysis of these equations in various fixed backgrounds will be the 
subject of the following sections. 
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2.3 Two-point correlation functions and the Callan-Symanzik Equation 

To connect the RG equations (2.16)-(2.19) coming from the bulk to boundary physics, we 
use the fact that a renormalised two-point correlation function is completely determined 
by the canonical conjugate momentum II [48-50]. It is given by a flux factor J 7 , 

G(k) = (0(k)0(-k)) = T(p, k), where T = n/$. (2.20) 

The type of the two-point function (retarded, advanced, etc.) is determined by bound- 
ary conditions imposed on $ and consequently II. T is extracted from the renormalised 
boundary action by taking functional derivatives with respect to the source </> [2, 3, 51, 52], 

5 5 



G(k) = p^-z\p) — — J d d x *^(p)*, (2.21) 



having used equation (2.10). G{k) is the fully renormalised, scale-independent two-point 
function. Therefore dG/dp = 0. Since everything in our equations is explicitly written out 
in p, we can interchangeably use d/dp and d p . Acting with pd p on (2.21) we have 



^p^ffls)).,,. ( , 22) 

It then follows from initial conditions (2.13) that A2 can be conveniently written as 

A 2 (p) = A_ + j(p), with 7(0) = 0. (2.23) 

Using d p & = along with the RG equation (2.16) for II thus gives 

dlnZ , JX 

7=7^ (2-24) 
amp 

for metrics, such as pure AdS in (2.1), with G rr = r 2 . Equation (2.24) reveals the expected 
relation between the anomalous dimension 7 of the dual field theory operator O and the 
wavefunction renormalisation of <£, and consequently II. A cut-off dependent two-point 
function, disposing of the p 2A ~ factor which is a consequence of the conformal (scale- 
invariant) scaling, obeys the Callan-Symanzik renormalisation group equation 

(p|- + 2 7 ) G(p,k) = 0. (2.25) 

Two-point function G, which is proportional to II, had been holographically renormalised 
in our construction and is therefore finite in the po -> limit. Its solution has the standard 
form of a running two-point function, 

G(p,k) = lim G(p ,k)exp{-2 [' P ~/(r)dlnr\ , (2.26) 

P0--0 { Jr=p I 

so that G(p) = Z~ 2 (p)G(p = 0). The full running dimension of the operator O is therefore 
A = A + - 7. 
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Setting X n = for n > 3, we see that the equation (2.17) becomes the renormalisation 
group equation for the anomalous operator dimension. Alternatively, this equation also 
describes the flow of the double-trace coupling / in fOO, with pd p ~f proportional to its 
beta function f3j [19, 20, 40]. Given that (2.17) is a quadratic equation, we anticipate 
/3f oc j 2 . These results are indeed consistent with field theory calculations of large- N 
theories in [57], where it was found that 7 k / and fif oc f*y oc <y 2 in large- iV theories 
conformal in their single-trace sector. Furthermore, we can now justify setting A n >3 = 0. 
Coefficients A n are similarly related to multi-trace couplings of the n-th order. In large- N 
analysis, we may safely neglect all deformations of order higher than two (double-trace), 
as all such deformations are sub-dominant in the large- N limit [57]. Another reason is 
that by working in the standard (Dirichlet) quantisation, the smallest possible operator 
dimension is Aq = d/2, implying that any triple-or higher-trace operator would necessarily 
be irrelevant. Even in the alternative (Neumann) quantisation, at the unitarity bound with 
Ae> = d/2 - 1, such an operator could at most have a marginal triple-trace deformation in 
d = 6 dimensions. 

In scenarios when G rr is a more complicated function of r, we need to redefine the 
quantities considered above. We write 

\ 2 (p)= ^ Grr(p) (A- + 7 (p)). (2-27) 
P 

To demonstrate that this is a sensible definition, we consider an example of a near-extremal 
D3 brane generalised to any dimension, which gives temperature to the dual of the pure 
AdS geometry. This spacetime is also known as the black brane in AdS and has the metric 
of form 

L 2 I dr 2 \ 

ds2 -^2[-f( r ) dt2 + d3: d-i + J^)^ ( 2 - 28 ) 

with the thermal factor behaving as f(r) -> 1 when r -*■ 0. We will set the AdS radius L to 
L = 1. The metric (2.28) is general enough to describe all cases with non-zero temperatures, 
which we will analyse in section 3. With G' rr = r 2 f(r) in (2.28), the expression (2.27) takes 
the form 

A 2 (p) = y7iV)(A_ + 7 (p)), (2.29) 

which still obeys the initial condition (2.13). Equation (2.16) then loses its explicit depen- 
dence on the thermal factor, giving as before, 

[p^- + 2A_ + 27^ n = 0. (2.30) 

Using (2.29) in (2.17) will, however, modify the flow equation for the anomalous dimension 
7 by adding thermal corrections to it. Relation (2.29) with its thermal rescaling can also be 
understood directly from the equation of motion, -^=d r (V -GG" d r <t)+G^ v ' dpd v <&-m 2 Q = 
0, for a massive scalar field. We follow the standard procedure for determining the operator 
dimensions in AdS/CFT by analysing solutions near the asymptotically AdS boundary 
(r « 1). In pure AdS with the metric (2.1), <I> there behaves as r A . Using the equation of 
motion then gives a relation A(A-cZ) = m 2 , where in our Dirichlet (standard) quantisation 



- 11 - 



we take d - A = A + to be the dimension of the dual operator O to <£>. The other, smaller, 
solution is our A_ = A. Using the same behaviour of $ in the black brane background 
(2.28) near r w 0, which is justified by the asymptotic structure and the Fefferman- Graham 
expansion [53], immediately yields a modified relation A(A-(f)/(r) = m 2 . Now of course in 
the limit of r ->■ 0, /(r) -> 1, and so the dimension of the dual operator at the AdS infinity 
stays independent of the thermal factor. But this identity suggests that the thermal factor 
will contribute to the dimensions of scalar operators as we flow into the bulk, towards 
the horizon. It gives a thermal modification of A± -> \J /(r)A±, with the same scaling as 
in (2.29). The radial derivative in the bulk is related to the dilatation operator on the 
field theory side of the duality [48, 49]. Hence, we can think of the rescaled anomalous 
dimension as arising from the red-shifted dilatation operator. Energies in the field theory 
and thus the operator scaling dimensions are measured as being conjugate to the proper 
time on the flowing hypersurface at p. 1 

3 Anomalous dimensions and double-trace deformations 

In this section, we study the renormalisation group equation (2.17), describing the radial 
evolution of the anomalous operator dimension induced by effective double-trace defor- 
mations. We aim to formulate a method for determining a precise functional dependence, 
A(p, ...), between energy scales in the brane's QFT and their dual bulk quantities. Neglect- 
ing all but double-trace deformations, as argued in section 2.3, the relevant renormalisation 
group equation is given by 

(7^A 2 ) = -Ai - - !/) + + g^VwVvakW, (3.1) 

which we will analyse in various asymptotically AdS backgrounds. We have explicitly 
written out contractions of the physical brane momentum with the flat Minkowski 
metic ri^y. We use the previously established definitions of A2, i.e. A 2 (/?) = A_ + r y(p), and 
^z(p) ~ V Tip) (A- + 7(p)) in thermal cases. 

For a well-defined and realistic RG flow, it is essential that we introduce physical 
conditions on the behaviour of A 2 . Understanding how A 2 should behave at two ends of 
the flow will then translate into the necessary boundary conditions required to extract the 
dependence of the cut-off on the bulk from (3.1). 

In quantum field theory, the wavefunction renormalisation Z is interpreted as the 
probability of finding a bare particle in a physical one-particle state [61, 62]. This can easily 
be understood from the Kallen-Lehmann spectral representation of a two-point function. 
As a consequence, Z must satisfy the unitarity bound < Z < 1, or equivalently, the 
spectral density function has to remain positive. Perturbatively, Z = 1 - g 2 Aln A 2 /p 2 up to 
one-loop, where p is the renormalisation scale and the ratio of A/p is always required by 
dimensional analysis. In theories that are conformal in their single-trace sector, all higher- 
loop corrections are subleading in the large- N expansion [37, 57]. Therefore, Z = 1 at 
A - p. The renormalisation scale p can in our construction be identified with the physical 

1 We thank the JHEP referee for pointing this out. 
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Lorentzian momentum \/-k 2 at which we are probing the operator. This is because we have 
used the same "minimal subtraction" scheme in holographic renormalisation at the initial 
cut-off Ao(po) f° r an y value of the physical operator momentum of interest. Equivalently to 
the discussion of the wavefunction renormalisation, a bare two-point function of an operator 
with dimension A can be schematically expanded around its anomalous dimension, to the 
leading order in large- N, as 

{O(x)O(0)) A = Z 2 (O(x)O(O)} = (1 - 2g 2 Aln AV + ...) . (3.2) 

Since x scales as 1/V—k 2 , we again recover that Z - 1 at A = y—k 2 . In general, we expect 
both expansions for Z and (0(x)0(O)) A to have all higher-order terms proportional to 
powers of In A 2 /k 2 . Hence, we expect that Z always takes the value of Z = 1 at A = V-k 2 , 
to all orders in large- N. 

More generally, the theories we wish to consider all have conformal fixed points in the 
extreme UV. These large-A r theories, initially conformal in their single-trace sector, will 
only be perturbed by relevant IR mass and thermal scale deformations. Furthermore, since 
we are working with the standard (Dirichlet) quantisation, double-trace deformations in 
the effective Wilsonian action will be irrelevant and therefore only affect the UV regime. 
Now, quantities such as the anomalous dimension must become cut-off independent at the 
end of the RG procedure. This is ensured by imposing the appropriate renormalisation 
condition, which fixes the value of Aq with respect to the running cut-off. We therefore 
demand that dj/dA = at the RG scale fi. It is natural, as discussed above, that this 
scale should equal the momentum scale V-k 2 of the operator O. The V-k 2 = p scale must 
thus be the minimal scale down to which we can integrate out higher momentum modes, 
even in the presence of IR scales below the operator momentum. In extracting the cut-off 
dependence on the bulk, we will not consider any examples with physical momenta below 
the IR mass scales, which would require us to integrate out those scales in order for the 
cut-off to run down to \/-k 2 . In all cases we wish to consider, the running Wilsonian 
cut-off scale A can only exist in the interval of A e [A x , Ao ->• oo], where the lowest possible 
cut-off A x satisfies A x = (J, = v-k 2 . 

Given our holographic construction of the Wilsonian renormalisation group in section 2, 
the cut-off should become a function of the running scale p. It thus follows that in order for 
the physical operator dimension to be p- independent, we must impose the renormalisation 
condition 

-^ = 0at A x (p x ) =p = \/^P, (3.3) 
op 

while keeping all other scales fixed. The lowest possible value of the Wilsonian cut-off A x , 
given some physical timelike operator momentum V—k 2 , must therefore be a function of 
the largest possible value of p that the brane can reach while flowing into the bulk. The 
variable p x is used throughout to indicate the value of p e [po -*■ 0,p x ] where the RG flow 
must terminate. 

When p and k are the only two scales present in the theory, as in the case of the 
conformal M = 4 theory, then each of the dimensionless running quantities Z and 7 can 
only depend on the dimensionless product p 2 k 2 . Therefore pd^jdp = \/-k 2 dj/d\/-k 2 , 



- 13 - 



which implies that the renormalisation condition (3.3) can be rewritten as dj/dV-k 2 = 
when p + and \f-k 2 * 0. In such a theory, the physics at the cut-off, where V-k 2 = A x , 
remains conformal and only becomes modified by double-trace deformations below the cut- 
off scale, i.e. y—k 2 < A x . This follows from the fact that in large- N theories conformal 
in their single-trace sector the beta function of the double-trace coupling fO 2 behaves 
as (3f oc j 2 oc pd^ [57]. If such a theory is deformed by IR energy scales such as a 
mass scale or temperature, the renormalisation group condition (3.3) must still hold. The 
theory will still possess a conformal fixed point in the extreme UV, but the physics at 
the lowered cut-off scale will no longer be conformal. To see this, let us introduce a mass 
scale Ai, which is dual to a bulk scale at some radial position n, such that A4 oc l/r±. 
Function 7 can now depend on three dimensionless combinations p 2 k 2 , r\k 2 and p 2 /rf, 
which implies that pd^/dp = \/-k 2 d r y/dV-k 2 - ridj/dri. The RG condition (3.3) then 
fixes V 1 -k 2 d~i\d\l 1 -k 2 = ridj/dri ± at A x = \/-k 2 , which shows that the theory is no 
longer scale-invariant at the running cut-off. It is easy to see that the same argument can 
be extended to the presence of several mass scales and temperature. 

Let us now address the question of what value the anomalous dimension 7(p x ) should 
take when we impose the renormalisation conditions. The second renormalisation condition 
must reflect the fact that the bare two-point function, which depends on Ao(po)) should be 
A(p)-independent at the renormalisation scale p = V-k 2 . This can be justified by the fact 
that the only divergences present in theories under consideration are the UV divergences, 
which are removed by the minimal subtraction at po- No additional IR divergences affect 
the bare two-point function, nor the anomalous dimension. Since we acquire no new diver- 
gences in the process of integrating out the slices of geometry, we can therefore set the bare 
two-point function to its initial value at the scale p where we impose the two renormal- 
isation conditions. In our holographic construction, the bare running two-point function 
must thus be p x -independent at the scale A x = p - w—k 2 where the flow terminates. With 
these observations in mind we can find 7(/9 x ) using the results from sections 2.2 and 2.3. 
The bare operator scales proportionally to I1b and not II oc JF oc G, which runs as the 
holographically renormalised, scale-dependent two-point function. Namely, 



Z(p) in our construction is analogous to Z in a general field theory, but without the 
LSZ normalisation. It quantifies the renormalisation group - scale transformations. The 
generating functional of the dual field theory (exp{fO(p}) gives (00) after taking two 
functional derivatives with respect to <j>. Using (2.10) with Z(po) = 1 and d p & = 0, as well 
as (3.4), we see that the two-point function on the field theory side scales as 



O(p) = (£-)' + Z(p)O(p ) 
\Po/ 



(3.4) 




It therefore follows that 




(3.6) 
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where the flow terminates at p x . The bare two-point function (0(k)0(-k)) remains 
divergent when we take po -*■ 0. This divergence is, as discussed above, completely removed 
by the minimal subtraction through the holographic renormalisation of O and <j>. We 
can therefore see that the second renormalisation condition is completely analogous to 
perturbatively finding that Z = 1 in expression (3.2), even in the presence of additional 
relevant deformations. Their presence will only be reflected in the functional dependence 
of Z. Using (2.23) and (2.24), the boundary conditions for 7 at the two ends of the flow 
become 

7(0) = and 7x = 7 (p x ) = v. (3.7) 

It is worth noting that the rescaling in our construction works in the opposite way compared 
to the usual Wilsonian RG. Usually one rescales the theory upwards after integrating out 
high momentum modes above A. The rescaled effective theory thus remains defined up 
to the initial Ao and the anomalous dimension can be extracted from the rescaling of the 
field variable. We are, on the other hand, rescaling the original (\/-k 2 < Ao) fields and 
operators down to the effective theory defined up to A. 

It follows from (3.7) that the effective operator dimension at p x is Aq = d/2. This 
is true regardless of our choice of quantisation. The coupling / in the effective double- 
trace term fO 2 will consequently have its mass dimension equal to zero at p x . In the 
absence of mass scales or temperature, it is easy to see that this fact is consistent with 
our expectation that an effective field theory of a single-trace UV conformal theory should 
remain conformal at the maximal allowed momentum, right at the cut-off scale. This is 
because the conformal anomaly (trace anomaly) arises when UV divergences make coupling 
constants acquire non-zero anomalous mass dimensions [60]. The breaking of conformal 
invariance by quantum fluctuations is therefore a purely UV effect. For operator momenta 
at the cut-off scale, however, all UV modes had been completely removed, which ensures 
a zero coupling dimension at all loops. Below the cut-off, when V —k 2 < A x , operators 
obtain non-trivial anomalous dimensions depending on their momentum. The double- 
trace coupling also acquires a non-zero mass dimension. In the presence of relevant mass 
scales a similar argument can be repeated for the behaviour at the cut-off if we consider 
rescaling the entire theory along a symmetry of 7 and Z, including all the IR scales, up to 
the initial extreme UV fixed point at Ao- This works as long as we stay above the IR scales 
and as long as we have not introduced any new IR divergences. The value of j(p*) should 
stay the same in those cases even though the theory will no longer be at a fixed point for 
A < Ao, where now d^ x /d\/ -k 2 i= 0. 

For a well-defined RG flow, having already specified the renormalisation conditions, 
we can also impose the condition that 7 must remain real, as flowing to a complex operator 
dimension would imply an unstable theory. Such dynamical symmetry breaking would also 
inevitably break conformal symmetry [57]. Furthermore, 7 must not break the unitarity 
bound -00 < 7 < v + 1, which follows from d/2 - 1 < Aq = d/2 + v - 7. 

We will see from the analysis that 7 never decreases throughout the flow, so that 
9 P 7 > 0. This is expected as it runs between 7 = and 7 = u, ending with d p ^ x = 0. 
Furthermore, in our examples, there is no reason to expect the theory to run into another 
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fixed point along the flow, so that d p ^ > for p e (0,p x ). This immediately implies that 
7 > for all p. 

The only exception to this behaviour are the runnings of lightlike (or vacuum) operators 
which we will have to treat separately. As is usual in quantum field theory, there is no 
smooth limit of momentum k 2 -> that we could take to simply recover the physics of 
0(k 2 = 0) from timelike cases. Anyhow, since lightlike operators should be able to run 
into extreme IR of the bulk (p -> oo), there is no reason to expect that our anaysis, when 
using sharp IR cut-offs which abruptly terminate the flow, would apply to such lightlike 
runnings and set 7 = v and dp'j - at the point where the flow terminates at the horizon or 
a general metric singularity. This applies to all cases, the GPPZ, the black brane, etc., with 
the exception of the undeformed pure AdS scenario, where we can flow until r -> 00 without 
running into singularities. In that case, it is natural to expect that d p ^{p -> 00) = 0, so that 
the flow ends at an IR fixed point. As for the relevance of vacuum states, we lastly note 
that we will always subtract off the k 2 = 0, (0(0)0(0)} vacuum contribution to correlators 
(0(k)0(-k)}, which means that j(p,k) = at k 2 -*■ 0. Furthermore, since the effective 
double-trace deformations are irrelevant, the anomalous dimension at low momenta will 
not be affected by them. 

With these observations in mind, we impose the following four conditions that the 
behaviour of 7 is expected to follow and from which we can extract the dependence of A 
on the bulk by identifying where the flow terminates: 

i) |p = and 7 = v at \/-k 2 = A x , given fixed timelike \/-k 2 , where the flow terminates 
at a maximal possible p = p x , 

ii) 7, as well as A2, must be real, 

Hi) 7 must be non-singular and must not break the unitarity bound -oo<7<i/ + l, 
iv) 7 is expected to be monotonically increasing (never decreasing), ^ > 0, from initial 
7(0) = 0, hence 7 > for all p. 

3.1 Pure AdSd+i 

As for our first example, let us find the anomalous dimension of a scalar operator dual to a 
massive scalar in pure AdSj+i, with the metric in Poincare coordinates given by equation 
(2.1). This example describes a large-A?" theory conformal in its single-trace sector. For 
completeness, we repeat the metric here: 

ds 2 = ^{-dt 2 + dx 2 d _ 1 + dr 2 ). (3.8) 

Writing \^(p) = A_ +"f(p), the equation (3.1) for the flow of 7 becomes 

p^ L p = -l{l-2v) + p 2 k 2 . (3.9) 

To see how condition iv) applies, we analyse the case of a timelike physical momentum 
k 2 < 0. This means that p 2 k 2 < 0. Since p^ > 0, the only way for the right-hand side of 
(3.9) to be non-negative is if 7 - 2z^ remains sufficiently negative while p increases. To see 
this, note that at p = 0, 7(7 - 2u) = 0, as well as p 2 k 2 = 0. Now as p increases the first 
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term, -7(7 - 2v) > grows larger until 7 > 2v. At that point, the overall sign of the first 
term flips and becomes negative. The second term, however, decreases monotonically into 
negative values and may quickly begin to dominate over the first term, running the entire 
right-hand-side of (3.9) into negative values before 7 = 2za Function j(p) therefore reaches 
its maximal value j x , at some p x , when -7* (7* - 2u)+p 2 k 2 = 0. The two possible solutions, 
7x = v ± \J 'u 2 + p x k 2 , can only be real and consistent with condition ii) if p x \J -k 2 < v. But 
given that we seek maximal p x , this inequality implies that p x = v\\J ' -k 2 . The largest 
possible value of 7, given some timelike momentum and v, is therefore 7 X = v irrespective 
of our choice of solution, confirming the renormalisation conditions specified by %). Despite 
this, the correct solution would be the one with the minus sign because at p x = 0, as required 
when -k 2 -*■ 00, 7 X should vanish for it to be consistent with the initial condition (2.23). 
Only in this case can 7 and its derivative be continuous and non-singular. Furthermore, 
since the right-hand-side of (3.9) vanishes at p x > 0, we clearly have a maximum = for 
any timelike operator momentum at the point where the RG flow terminates. Note that we 
did not have to impose the vanishing of the derivative, as dictated by the renormalisation 
condition i) at p x by hand, even though it followed from a general field theory analysis. It 
is automatically satisfied, as is Hi), and we chose to start with condition iv) to show the 
internal consistency of the four conditions. 

Alternatively, we could have started with the renormalisation conditions i). Looking 
for the maximum would imply that 7 X = v at a maximal possible p x . It can then be seen 
that condition iv) is also satisfied in order for 7 to obey ii) and Hi). This means that 
when ii) and Hi) are enforced, i) implies iv), but also iv) implies i). Therefore, the two 
conditions are equivalent: i) <=> iv). 

The solution of equation (3.9) can be found explicitly for the anomalous dimension 
with 7 = at k = 0. Written in terms of Bessel functions, it takes the form 

( )= . /~^2 f Y v -x{v)J v -x{p^) - Jy-^Y^jpV^ 2 ) 



Y v {y) Ju-ijp^ 2 ) ~ J^Yy-iiP^) 

[y„_i(i/) - Y v (u)] MpV^k 2 ) - [Jy-xiy) ~ J»(v)] Y^pV^k 2 ) 



(3.10) 



with the range of < p < -7=?. Plots of two different solutions with v = 0.5 and v = 1 are 

v -fe 

shown in Figure 1. 

Note that the solution (3.10) is well-defined for all real v > 0, above the Breitenlohner- 
Freedman bound [59]. For non-integer values of v, (3.10) can be simplified to give 

[J-v-l(v) + J-v(v)]Ju(p^) + [Mv)- Jv-l(v)]J-u(pV=&) 

The interpretation of how p translates into the Wilsonian cut-off A is now clear, as 
is the fact that the flow of 7 corresponds to the Wilsonian renormalisation group. If we 
reverse the argument, keep V-k 2 arbitrary, and insist on integrating out geometry between 
< p < p x , then there is a limited interval of timelike momenta that operators can take 
after integration. The relation is 

vQ^<v/p x , (3.12) 
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Figure 1: Solutions (3.10) for anomalous dimensions 7 with v\ = 1 (dashed curve) and 
V2 = 0.5 (solid curve). 

which implies the presence of a hard momentum cut-off on the brane side of holographic 
duality, induced by the sliding brane. It is precisely the hard Wilsonian UV cut-off with 
the Lorentzian signature V-k 2 < A, that defines the energy scale up to which the effective 
field theory is valid. The situation is somewhat different from the Euclidean field theory 
case, and we are effectively integrating out energy-momentum modes in regions above 
floating hyperbolae in a light-cone diagram, down to asymptotically lightlike momenta. The 
lightlike k 2 = can nevertheless not be reached and we need to treat that case separately. 
In real-time field theory, Lorentzian cut-offs always have a smooth form to ensure that 
the gauge invariance is preserved. Furthermore, a hard cut-off may not be sufficient to 
regularise the UV divergences due to the infinite volume of the energy-momentum space 
under the hyperbola. Nevertheless, it is natural that a Lorentzian Wilsonian cut-off should 
have a well-defined physical meaning, consistent with relativity. It suggests a re-ordering of 
physical phenomena according to their invariant length scales and implies a mixing of the 
usual Euclidean IR/UV separation of the energy scales. In contrast with the Lorentzian 
relativistic view on the renormalisation group scales, the Euclidean ordering of physical 
phenomena according to their length scales is motivated by locality in space. 2 A Lorentzian 
cut-off may be especially suitable for the investigation of non-perturbative theories and the 
operator-product renormalisation of local composite operators O, which are singlets under 
the gauge group. 

The same inequality, (3.12), holds for any chosen momentum scale k 2 of an operator 
as well as any chosen scale p x , where we decide to terminate the integration. A scaling 
symmetry between k and p is apparent from the evolution equation (3.9), which is invariant 
under simultaneous 

p -*■ ap and V-k 2 -> \/-k 2 /a, with constant a. (3.13) 

The analysis therefore provides an exact functional dependence for the correspondence 
between parameters describing the bulk physics and their dual Wilsonian UV cut-off 

2 We thank Janos Polonyi for ideas and discussions on various issues related to the interpretation of a 
Lorentzian cut-off. 
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A(p, d, m, ...) for all p and k. It is also important for this identification that the oper- 
ator pd/dp is invariant under p -> ap for constant a. Hence the boundary energy scale 
is 

A = u/p. (3.14) 

A x = v/p x is then the lowest possible scale down to which we can integrate from A -> oo, 
given some momentum k at which we wish to evaluate the operator. Energy scale A 
must be real and positive, so v must also be real and positive. This is again ensured by the 
Breitenlohner-Freedman bound [59] , which we analogously required for a well-defined range 
of p. It is important to note that the constant of proportionality v is merely a result of 
the bulk coordinates we used in (3.8) to establish the dependence between that particular 
bulk space and its boundary dual. It also clearly signals the expected probe dependence 
on the bulk scalar mass. We could easily redefine r -> vr to give us a metric 

1 dr 2 
ds 2 = — (-dt 2 + dxj_ 1 ) + —. (3.15) 

In this background, we obtain \/-k 2 p x < 1 and hence A = 1/p. For a general Poincare-like 
AdS chart, we can therefore conclude that the Wilsonian energy scale of the cut-off in a 
boundary theory is related to the radial bulk coordinate by 

^ _ C(d,m, ...) ^ 
r 

where C is a constant, which depends on the bulk quantities describing the background 
metric and can be found exactly following the above procedure. Our analysis is thus 
consistent with the long anticipated relationship A oc 1/r [4, 5]. In addition, it also uniquely 
determines the proportionality constant for a given pair of holographically dual quantities, 
i.e. the composite scalar operator O and its dual massive scalar field probe in the AdS 
background. 

At the Breitenlohner-Freedman bound with v - 0, and for arbitrary momentum, the 
RG flow analysis breaks down unless p x - 0. This is also apparent from the metric (3.15) 
which is singular at v = 0. The only way to have an RG flow compatible with such an 
operator at the UV fixed point is when O has lightlike on-shell momentum k 2 = 0. The 
solution is still j(p) = and the anomalous dimension does not run, but it is well-defined 
for all p. 

We need to consider the lightlike (or vacuum) case separately. Equation (3.9) 

drastically simplifies for all operator dimensions. To satisfy the monotonicity condition iv), 
the anomalous dimension must behave as j x -> 2u when p x -> oo. The solution of equation 
(3.9) that satisfies the required conditions is then 

1 + X p 2v 

as previously found by [19, 40]. In a timelike scenario considered above, it is not possible 
to flow to 7 = 2v without violating condition Hi), as there is always a singularity between 
7(0) = and 7 = 2v, unless k = 0. This is precisely what prevents us from having a 



- 19 - 



continuous, well-defined limit between timelike and lightlike cases. Constant x cannot 
be determined from the boundary conditions we set, but needs to be matched with the 
normalisation of the corresponding two-point correlator. 

For spacelike momenta k 2 > 0, the energy scale becomes pure imaginary. Having found 
the radial coordinate to be proportional to the energy of the dual theory, it is therefore 
natural to take r ir, consistent with rescaling symmetry relations (3.13). The analysis 
of (3.9) then goes through in exactly the same way as for timelike momenta. We obtain 
k 2 < A x = u/p x and A = C/r. 

3.2 GPPZ flow from M = 4 to M = 1 with a mass deformation and a mass gap 

The GPPZ flow [54] describes a flow from the J\f = 4 theory in the UV to the J\f = 1 in the 
IR. This is achieved by deforming the J\f = 4 theory with a relevant mass deformation. An 
J\f = 4 vector multiplet in the adjoint is equivalent to three M = 1 chiral multiplets in the 
adjoint. Giving mass to one of the M = 1 mutiplets provides the desired deformation. The 
theory can flow in different ways depending on which components of the deformation are 
kept non-zero. They are described in [7, 54-56]. We will focus on the case that includes the 
Af = 1 confinement, suppressing the supergravity singlet dual to a bilinear gaugino term 
responsible for gaugino condensate. The bulk supergravity for this construction consists 
of type IIB scalar modes deforming the original AdS§ x S 5 metric. This 10-dimensional 
type IIB theory is then truncated on 5 5 to give a 5-dimensional M = 8 supergravity with 
42 scalars. The scalars transform as 1, 20 and 10 under the J\f = 4, S'C/(4)/j, R-symmetry. 
The masses of these fields are m 2 = 0, -4 and -3, respectively. The GPPZ flow then 
describes the metric deformation resulting from the backreaction with scalars of m 2 = 
-3. This corresponds to a dual deformation of dimension 3 by the scalar operator in 4 
spacetime dimensions, which can be identified as the fermion bi-linear operator with the 
coupling constant of mass dimension 1. The 10 of SU (4) decomposes into 1 + 6 + 3 under 
SU(3) x C/(l), of which we only keep the 6, which is responsible for the fermion bilinear 
mass term. The singlet would give rise to a gaugino condensate [54]. 

We further truncate the theory to only account for the large- A^-dominant effective 
double-trace deformations and consider the background as static. The supergravity scalar 
potential is then V(&) = -3 - |<& 2 + C($ 4 ), where the constant first term plays no role 
in classical equations of motion. This results in the same scalar theory we have been 
considering so far with mass m 2 = -3 and a 5-dimensional metric 




(3.18) 



By n we denote the radial position where the flow terminates at a metric singularity. Note 
that this metric is simply obtained from its original form in [54] by defining y = -lnr. The 
metric interpolates between an AdS§ space near r = with a conformal group SO(4, 2) and 
a 4-dimensional Poincare group near r = r\. Taking r\ -> oo would give an interpolation 
into the extreme IR. 

We can now analyse the renormalisation group flow of a scalar operator deformed 
by both effective double-trace and a relevant mass deformation. The mass deformation 



- 20 - 



is provided by the GPPZ flow of the supergravity metric through its r dependence and 
the double-trace deformation is ensured by the quadratic term in the bulk scalar potential. 
Writing as before A2 = 2-u+j, the renormalisation group equation (3.1) for 7 in background 
(3.18) becomes 

^H)'-^-* >Kr¥ p -" + "KH^Hl- (3 - i9) 

We need to be careful not to divide by zero in case p -*■ r%, so we preserved the original 
form of the RG equation 2.14. In the case of the GPPZ flow, v = 1. We may, however, keep 
v, as well as m general for now, restricting it only to relevant and marginal deformations 
with v < 2 so that (2 — 1/ + 7) > 0. An irrelevant deformation could anyhow not be described 
by a factor like (l-/5 2 /r 2 ), which breaks the UV symmetries with increasing intensity 
as the flow approaches the IR regime. We use the same reasoning as in the pure AdS 
case in section 3.1 to determine whether the flow can terminate at a fixed point given 
some timelike momentum k 2 < 0. Given that the pure AdS scenario corresponds to the 
undeformed conformal J\f = 4 theory, it is especially interesting to compare its RG flow 
with the RG flow in this section. 

Equation (3.19) can be solved analytically. Its complicated explicit solution is, however, 
not too illuminating and will not be presented. Qualitatively, its graph behaves as that 
of the solution (3.10) in pure AdS, which we plotted in Figure 1. In the present case, we 
will only look for the functional dependence of A on the bulk. Starting as in section 3.1 
with iv) for a monotonically increasing, positive and non-singular 7, the only term which 
can run the right hand side of (3.19) into negative values for 7 < 2v is p 2 k 2 . As before, 
to find the maximal 7 X at p x , the right-hand side of (3.19) has to vanish, implying the 
renormalisation condition i). The solutions are 




(3.20) 



For 7>< to be real when p x is maximal (condition ii)), the expression under the square- 
root needs to be non- negative. The term ~ p 2 k 2 < will however cause the expression to 
inevitably flow towards 0. We could, at this point, impose a condition whereby the entire 
expression under the square-root would be non-negative and thus vanishing at maximal p x , 
given some k. This is, however, insufficient. For p x > ri/v3, "y x would break the unitarity 
condition Hi). Another problem is that in the case of p x = n, despite the vanishing square- 
root, the second term in j x , 2p 2 / (r\ - p 2 ), would blow up. This would thus also violate 
the non-singularity condition, so again Hi). To remedy these problems, we, as before, select 
the solution with the minus sign and impose 

^l-^J + P 2 x A; 2 + 8^f>0, (3.21) 

which at maximal p x turns into an equality and enables the Apf,/rf term under the square- 
root to cancel the diverging second term in j x as p x -*■ n ■ We therefore arrive at condition 
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k 2 <^ + 2— = A Af=4^i, (3-23) 



ij, 7>< = and 5 p 7 x = 0, at maximal p x . This is consistent with [55], where it was shown 
that the GPPZ construction indeed flows between two fixed points. 

Alternatively, as before, we could have simply imposed condition i) and looked for 
maximal possible p without violating ii) and Hi), arriving at the same conclusion. This 
would then imply iv). 

There is a scaling symmetry in equation (3.19), equivalent to (3.13), but with an extra 
rescaling of r\: 

p -*■ ap, n -> ar\ and \/-k 2 -*■ V-k 2 /a, with constant a. (3.22) 

We can use the same analysis at any chosen momentum. Rewriting inequality (3.21) 
as a momentum bound then determines the exact functional dependence of the Wilsonian 
cut-off A on the bulk quantities. Equivalently, we could determine the range of allowed 
consecutive momentum shell integrations given some operator momentum we wish to probe. 
The relation is 

v 2 4 - vn? 
Pi rf 

where 4-m 2 = 8-v 2 , and in the case of the GPPZ flow -k 2 < l/pi + 7/r 2 . The interpretation 
of (3.23) clearly shows the interplay of two scales: the Wilsonian energy scale A^ =4 = v 2 \p 2 
of the undeformed M = 4 theory and the fixed (p-independent) mass deformation scale 

, o 4 - m 2 , 
= —a", 3.24 
rf 

which is independent of Ajv"=4- ^-m is a constant scale and can be tuned to a desired fixed 
value by setting m and r%. In a realistic scenario, however, r\ should be very large so that 
the flow terminates in the IR. In the UV regime with p « n, A^/ = 4 dominates the cut-off 
of the deformed theory. Then flowing into the IR, as expected from a relevant deformation, 
Aj^i becomes increasingly important. The square of the Wilsonian scale of the deformed 
theory can simply be written as the sum of squares of both scales present in the theory 

A^i = A^ =4 + A^. (3.25) 

It is interesting to further study the limit p -> r%. (3.23) implies \/-k 2 < 2\/2/ri 
independently of the value v. However, if we investigate (3.19) directly, terms with dj/dp 
and 7(7 - 2v) vanish faster than the remaining two terms on the right-hand-side of the 
equation. We of course have to assume well-behaved, non singular 7 and dp'j consistent 
with Hi). Equation (3.19) is then solved at the linear order in (77 - p) with j x = u, by 
turning (3.23) into an equality: 

7^2 = 2^/77. (3.26) 

This indicates that momenta lower than the cut-off scale Ajv"=4^i are unstable at the 
endpoint of the flow. The only other solutions existing at p x = 77 that we can find to 
(3.19) with <9p7>< = must have either 7 = or 2u, similar to the k 2 = case in pure AdS. 
Momentum then takes two possible values 



= 2 ^~^ , for 7 = and = for 7 = 2 v. (3.27) 



77 77 
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To satisfy the unitarity bound Hi), 7 < u + 1, the second solution is permitted only when 
v < 1, which is saturated in the GPPZ flow, thus allowing for all three momenta: 2\/2/r\ 
and 2x/2~lTl7ri at p x = T\ . The case of k 2 = with 9 P 7 X = would give 7 X = v — 2 solution 
at p -* ri, as we have to permit such operators to flow until the end. In the GPPZ 
construction, it would equal 7 = -1 at p-r\. However, as we discussed above, it does not 
make sense to impose d p j = for k 2 = before p -*■ 00. In any case, we subtract off the 
vacuum from (O(k)O(-k)), so it is only important that the GPPZ vacuum is stable. 

The discreteness of possible momenta above the vacuum is a clear indicator that there 
is a mass gap present in the theory. There are three discrete states in the spectrum. This 
is consistent with the confining nature of the GPPZ flow already discussed in [54] . 

The analysis in case of spacelike momenta goes through as above, after we rotate the 
two energy scales r -> ir and r\ -> ir\, as indicated by rescaling symmetries (3.22). 

3.3 Black brane in AdSd+i with thermal and density deformations, a mass gap 
and the emergent infra-red CFT scaling 

We now turn our attention to backgrounds giving non-zero temperature T to their field 
theory duals. The example we consider first is the metric of a black brane in a {d+ 1)- 
dimensional AdS space of form (2.28), given by 



2 ' 1 — 2 ' 2 '^r), with/(r) = l-^ 

f\X)J r Q 



ds -f( r ) dt + dxU + 773 J , with f{r) = l-—. (3.28) 



Using (2.29), A2(p) = \J f(p) (f _ ^ + 7(p))j the renormalisation group flow equation (3.1) 
for 7 becomes 

/pg = -7(7-2,) + ^-, + 7 ) 2 -^ + ^. (3.29) 

In analogy with (3.13) and (3.22), there is a scaling symmetry, 

p -> ap, vq ->■ aro, to -> uija and \k\ ->■ \k\ja with constant a. (3.30) 

We can use the same procedure exactly as in sections 3.1 and 3.2 to extract the dependence 
of the Wilsonian cut-off scale on the bulk, consistent with conditions i) - iv). First, 



7x = v + 



d Pi 



2 7"q - Px - Px > 4 Tq 



d 2 Pi, .0 ( Px I 9 . .9 , Jl 1J> ( 1 P* 



+ v 2 1-^ \-pW + p 2 k 2 1-^ • (3.31 



The expression is qualitatively similar to the case of the GPPZ flow in section 3.2. Fol- 
lowing the same considerations which satisfy conditions ii) and Hi) leads to 7 X = v and an 
inequality 

t 4 + - 2 /(px ) - pw + p x p/(p x ) > 1 4^ . ( 3 - 32 ) 

4 rjj 4 rg 

which can be recast as an energy-momentum bound 

oj 2 T2 v 2 d 2 pt 2 , , 

-j---k 2 < — + - f ^ r . 3.33 

f(Px) Pi 4 ^0 
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It is clear from the left-hand side of (3.33) that, as a result of temperature, energy and 
momentum scale differently. The scaling difference comes from the thermal factor /(r), 
which completely breaks the Lorentz invariance of the boundary theory away from the UV 
fixed point with the M = 4 theory. This is expected to happen in any thermal field theory. 
The Hawking temperature is 

T = ~7~j (3-34) 
47rro 

which enables us to rewrite (3.33) as 
with 

having used A = v\p with the fact that we can apply the same analysis to any value of 
energy-momentum, thus removing the need to only consider the minimal cut-off A x . The 
Wilsonian scale has the same bulk dependence throughout the flow. We can then, for the 
same reason, define the thermal scale depending on A, and not only A x , as 

where we have been using the abbreviation A = Ajv"=4, for the Wilsonian scale at T = 0. In 
d = 4, the thermal scale is A| = 4vr 2 {ttvA) 2 (T/A) 4 . We see that, as with the GPPZ case in 
equation (3.25), the two relevant scales, the undeformed (T = 0) Wilsonian scale and the 
temperature deformation add quadratically to give the new Wilsonian cut-off of the M = 4 
theory with the temperature deformation breaking Lorentz invariance: 

Aa/"=4,T - A/V=4 + (3.38) 

All temperature-dependent terms that appear in the final cut-off scale relation (3.35) 
appear with T to the power of the boundary field theory dimension, T d . That is in the 
thermal factor /(T/A), as well as in the square of the thermal scale Ay(A, T/A). Ay 
depends on both the original undeformed scale A and the dimensionless T/A. We will see 
the same dimensional power-law behaviour of temperature, T d , in all thermal cases we 
consider. 

From relation (3.35) we see that the renormalisation group procedure particularly 
restricts the energy u. The spatial momentum \k\ can be arbitrarily large without violating 
the bound because of a minus sign in front of it. In fact, the larger the momentum, the 
larger range of values uj can take. In the limit of p x -* vq, energy becomes completely 
suppressed and must go to zero at least as fast as f{p). The restrictions posed on oj are 
not surprising as temperature is an energy scale. We also see that the effect of Ay becomes 
increasingly important when we run into the IR because Ay oc A 2 ~ d , giving it an overall 
negative power in a dimension greater than two. This is consistent with temperature being 
an IR scale. Taking the limit of p x -*■ ro in (3.33), we get -k 2 < 4j ^u 2 + ^J. However, 
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analogously to the GPPZ case in section 3.2, the renormalisation group equation (3.29) at 
the horizon with uj = strictly enforces the equality 




(3.39) 



for a well-behaved <9p7x and 7 X = v. The mass of the momentum mode (3.39) is then 
M 2 = -At, which clearly shows the emergence of a mass gap with only one permitted value 
of M above the vacuum. Similarly, we can set momentum to zero, i.e. k = 0, scale energy 
as uj 2 = uj 2 f(p), use 7x = v and expand (3.29) to first-order in the near-horizon limit. We 
then again recover the same gap in the energy spectrum of uj as we saw in the spectrum of 
momentum modes in (3.39). The existence of a mass gap in the j\f = 4 theory at non-zero 
temperature was shown from an AdS/CFT calculation in [67]. 

In imaginary-time formulation, we take uj -> iu, r -*■ ir and ro -> itq. After this 
transformation, the analysis follows through exactly as above. The only difference is that 
there is now a plus sign in front of k 2 in the relation (3.35). After we have lost the Lorentzian 
nature of the original undeformed theory, momentum becomes just as suppressed as energy. 

Lastly, we turn our attention to dimensional reduction of the emergent IR CFT scaling 
when the renormalisation group flow reaches the horizon p x -*■ ro. In this limit, the thermal 
scale becomes 

lim A£ = 4vr 2 T 2 , (3.40) 

A^4wuT/d 

where A is the undeformed Wilsonian scale. Of course, this should be a fixed point of 
the deformed theory, as <9p7x = at the horizon. If we now look at the thermal scale for 
an arbitrary value of the undeformed A(p) in d - 2 dimensions, we notice that just, as in 
(3.40), 

A| = 4vr 2 T 2 , when d= 2, (3.41) 

thus giving us a relation 

A|(A = 47TZ/T/d,d) = A§.(A,d = 2). (3.42) 

It is essential to note that from the point of view of the bulk, the Hawking temperature T is 
still a function of the number dimensions d. If we considered a fixed position of the horizon, 
then equality in (3.42) would be incorrect. But we know that physics in the bulk does not 
change, and nor does its holographic dual if we adjust the position of the horizon. The Ricci 
scalar curvature of the black brane (3.28) does not depend on the position of the horizon ro, 
which means that we can tune it to give us any temperature we want. Such tuning does not 
violate the validity of the classical gravity description of the bulk physics, which is essential 
for the application of holographic duality. The saddle point approximation of string theory 
remains applicable. From the point of view of the boundary QFT, temperature can be 
thought of as an adjustable parameter that can be set to any value independently of the 
number of dimensions. We are therefore really comparing two theories in a different number 
of dimensions, for which the two temperatures have been adjusted to be equal by adjusting 
the horizons. Thermal scales are then equal in the (d = 2) two-dimensional boundary theory 
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with an arbitrary undeformed cut-off A, and in the horizon limit in an arbitrary number of 
dimensions. The two-dimensional boundary theory is conformal at all scales, as At can be 
tuned to any fixed value, resulting from its A independence. The emergent d-dimensional 
CFT therefore behaves near the horizon, in terms of scales, as a two-dimensional conformal 
field theory. This result is highly reminiscent of the work by Carlip [65] and Solodukhin [66]. 
They showed that with an appropriate choice of boundary conditions, extremal black hole 
horizons in any number of dimensions gave rise to an emergent two-dimensional Virasoro 
algebra of the asymptotic symmetries. Physics of an arbitrary black hole horizon could 
therefore be described by a two-dimensional CFT. 3 

Similar behaviour was discussed in the context of AdS / CFT in the case of an extremal 
charged black hole in AdSd+i [19, 63]. There, the metric takes exactly the same form as 
(3.28), with a different factor, f(r) = 1 + Q 2 r 2d ~ 2 - Mr d . Dimensional reduction of the IR 
CFT in the charged case is apparent from the form of the metric. The function f(r) has 
a double zero in the horizon limit, making the RG flow an interpolation between AdSd+i 
at r -*■ and AdS2 x at r -*■ tq. The emergent CFT therefore appears to be (0 + 1)- 
dimensional, as opposed to (1 + 1) in our case. It was, however, argued in [64] and discussed 
in [63] that the near-horizon region of AdS2 could be understood as being described by a 
single copy of a two-dimensional chiral Virasoro algebra of the asymptotic symmetries. The 
simple metric interpolation between two AdS spaces in the charged case does not occur in 
the thermal case, (3.28), since /(r) only has a single zero at the horizon. Nevertheless, we 
find a similar emergent feature in the scaling of the theory. 

To compare the charged case that gives rise to finite boundary density with the thermal 
case, we can use the generalised result for the Wilsonian momentum bound, (3.61), which 
we will derive in section 3.5. In this example, we see that we do not exactly recover the 
same behaviour of the dimensional reduction in scales, as in the purely thermal case. Using 
f{r) = 1 + Q 2 r 2d ~ 2 - Mr d and h(r) = 1 in (3.61), we immediately find 

^ ~ k 2 < 4 + t/~ 2 (dM - (3d - 4) Q 2 p d - 2 ) . (3.43) 
/ P 2 4 

The Hawking temperature for the charged metric is 

T=^(l-^QVr 2 ), (3.44) 

where ro is the position of the horizon, which is the smallest positive solution of /(ro) = 
and therefore also of 

M = - d+ Q 2 r d - 2 . (3.45) 
r o 

Using (3.44) and (3.45), we can take the horizon limit, p -> ro, of the Wilsonian bound 
(3.43). The right-hand side of it becomes 

A 2 + 47r 2 T 2 _ (^z|)!Q4 r 4d-4 = + ^2 ^2 _ (T _ ^21 ,3^ 

4?-q 



3 We thank Mukund Rangamani for bringing the work of Carlip and Solodukhin to our attention. 
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with the usual A = v\p. We denoted the temperature at zero charge, Q 2 = 0, by To = 
To is therefore the temperature of the boundary theory at zero density. In two boundary 
dimensions, d = 2, T - To = for all p. We therefore find the same conformal Wilsonian 
bound in the charged d = 2 case, as in the purely massive (thermal) case, A 2 + 4tt 2 T 2 . 
This does not, however, equal (3.46) for the horizon-limit bound in an arbitrary number 
of dimensions, unless Q = and we recover the purely thermal theory. We see a mixing 
between two temperature scales in the problem, one at zero and another at non-zero density 
of the boundary system. 

3.4 Near-extremal M2 and M5 branes 
3.4.1 M2 brane 

We begin by writing down the metric of a non-extremal M2 brane by neglecting the spher- 
ical d£l 2 part, 

ds 2 = H(ry 2 / 3 (-f(r)dt 2 + dx 2 ) + H(r)^^f-, (3.47) 

where H(r) = 1 + i? 6 /r 6 and f(r) = 1 - rg/r 6 . We take the near-extremal limit r « R, set 
R = 1 and use u = r\\r 2 to find 

ds 2 -- r \{-f{u)dt 2 + dx 2 ) + -^f-, (3.48) 

with f(u) = 1 - u 3 . The horizon is at u = 1. We further use a variable q, which is related 
to u by u - 2r^q, to rewrite (3.48) in the form 

ds 2 = -^(-f(q)dt 2 + dx 2 2 + 4f^), (3.49) 



/(?) 



where f(q) = 1 — % and qo = . This redefinition is necessary in order to avoid numerical 
factors in G rr , which would change the boundary conditions for the anomalous dimension 
and introduce additional complications. The overall numerical rescaling factor of 1/4 in 
(3.49) is, however, irrelevant and can be absorbed into the AdS radius R, which we then 
reset to one. The renormalisation group equation (3.1) for the anomalous dimension is itself 
invariant under an overall multiplication of the metric by a number. To see this, imagine 
rescaling a metric ds 2 -> ds 2 /c 2 . Using (2.27) would mean that A2 c(A_ + 7). The 
relation between the scalar mass and the dual operator dimension, which can be derived 
from the scalar equation of motion, would also be modified to m 2 °c -c 2 A_A + . Therefore, 
each term in (3.1) would become proportional to c 2 and we could cancel it out. The final 
resulting metric is therefore 

ds 2 = ^ [-f{q)dt 2 + dx 2 + j^j , (3.50) 

which is a special case of the black brane metric (3.28) in d = 3 dimensions with the horizon 
at qo. The Hawking temperature of the near-extremal M2 background is therefore given 
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by the black brane expression (3.34). This can verified from the non-extremal temperature 
where we find that, indeed, 

T= ^_^ (ro) -l/2^^0 (351) 

2vrr V ' 2ir V 1 

in the near-extremal limit. Using the results from section 3.3, we find the Wilsonian bound 

79 v 2 fi . . 

; 2 , 3 Z ~ k ^ + 18r oPx > (3-52) 

where we have used, as before, the variable p to indicate the position of the brane along 
the radial coordinate q in (3.50). Using A = v\p and temperature (3.51), we can rewrite 
(3.52) to give the final Wilsonian bound in terms of the undeformed scale and the thermal 
defomation, A 2 f2 = A 2 + A^: 

W 2 79 .9 (T 



P - a2 + C2 (a) a '' (3 ' 53) 



wi(?) 3 

with numerical factors £i = (^f^) 3 and £2 - 16 3 - • 
3.4.2 M5 brane 

We can now repeat exactly the same story as in section 3.4.1, for the M5 brane background. 
The non-extremal M5 brane metric, without the spherical d£l\ part is 

dr 2 

ds 2 = H (r)- 1 / 3 (-f(r)dt 2 + dx 2 ) + (r) 2 / 3 -^-, (3.54) 

where H(r) = 1 + i? 3 /r 3 and /(r) = 1 - r^/r 3 . We use the near-extremal limit r « i? = 1, 
with a different set of coordinates u 2 = r^/r in d = 6 dual boundary field theory dimensions. 
Hence, 

ds 2 = ^ (-/(^ 2 + dx 2 ) + (3.55) 
u A j{u)u 



with /(u) = 1-u 6 . We further use q = -J= and reabsorb the factor of 4 into the AdS radius 



i 6 . We further use q = 
to, again, find a special case of the black brane scenario 

ds 2 = j 2 (~f(q)dt 2 + dx 2 + ^ J , (3.56) 

where now f(q) = 1 - % and go = — %=■ The Hawking temperature in the near-extremal 
limit is 

r=-i-j(n,)-^-7-. (3.57) 

47rro 47r 
The Wilsonian cut-off in the M5 background is 

" -k 2 <i + lr*pi, (3.58) 



!_(^)%6 64 
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which we rewrite in terms of the undeformed A and temperature (3.57). Finally, we find 



, 2 .o . IT 



i-Cs(F 



I; z <A 2 + ( 4 [jI A 2 , (3.59) 



with £3 = (^p) and £4 = \ (^p) • All temperature dependence appears, as before, to the 
power of the boundary field theory dimension T d . Since the M5 and the M2 backgrounds 
are special cases of the black brane in section 3.3, all qualitative features of the RG scaling 
are the same. 



3.5 The general case with mass and thermal deformations 

We now generalise our discussion to a hybrid metric describing the J\f - 4 theory, or some 
CFT, with two deformations. The first is a Lorentz symmetry preserving deformation, 
which can either be a relevant, marginal, or irrelevant term in the action. An example of 
this was the mass deformation in the GPPZ flow. We denote it by h{r) and refer to it as 
the mass deformation inducing a mass scale, indicating that it has some general coefficient 
with a mass dimension. The second, /(r), is a Lorentz symmetry breaking term with a 
horizon that can describe finite temperature, or finite density effects on the RG flow. We 
refer to it as the thermal deformation. This means studying a metric Gmn of type 

ds 2 --^(-f(r)dt 2 + d,l l ) + -^ y (3.60) 

in d+ 1 bulk dimensions, with h and / only depending on the radial coordinate. The next 
step is to consider equation (3.1), with A2 = \//(A_+7(r)), as dictated by the form of G rr . 
In accordance with previous analyses, we set j x = v and d p j x = to obtain a Wilsonian 
bound, 



ur 7 n h 
/ P 2 



,*4<w> 



2o \ dp 2 J dp) v ; 



It is easy to verify that the pure AdS, the GPPZ flow, the massive uncharged black brane, 
the charged black brane, as well as the M2 and M5 branes are special cases of this expres- 
sion. To further analyse the Wilsonian bound in (3.61), we assume the form of / with a 
horizon at ro to be f(r) = l-(r/ro) p , and define h(r) = l-[i 2 (r). The Hawking temperature 
is then 

P\/l - u 2 (rn) 
4-7rro 

where p,{p = ro) only depends on ro and numerical constants. We can then rewrite (3.61) 
as 



- -k 2 <A 2 + A 2 M+ A 2 T -A 2 mix , (3.63) 



- 29 - 



with a constant factor C = { , 47n/ „ \ , and four different energy scales: 

VP'-ov 1 -^ ( r o) / 

A 2 = 4' ( 3 - 64 ) 
P 

&-(&mr P - l Y w - <3 ' 65) 

Amix = A M({j) P + ^ A ) 2a t + AV(A) 2 C (If ■ (3-67) 
Writing out (3.67) explicitly, 

In the case of p = d, equations (3.66) and (3.67) simplify to give 

At = ^CA 2 (jj and A 2 ^ = A 2 M ( {^f + M (A) 2 A 2 + A 2 /x(A) 2 C (|) . (3.69) 

It is clear that we can interpret A 2 in (3.64) as the undeformed Wilsonian cut-off scale, as 
in previous sections. A 2 M and A 2 ((3.65), (3.66)) are the mass and thermal deformation 
scales. Depending on the power of A inside the function /^(A), the mass deformation will 
either modify the UV, or the IR scaling. Lastly, A 2 ix is a new scale which arises from the 
mixing of both A^ and A_m . It only exists when both scales are present and is subtracted 
from the sum of the squares of other three scales, giving us the total Wilsonian cut-off of 
the deformed theory. 

Using the results in (3.64)-(3.67), we can generalise our discussion to include an arbi- 
trary number of mass and thermal deformations. We simply write h and / as a product, 

n m 

h(r) = Uh i (r) and f(r) = Ufj(r), (3.70) 

i=i j=i 



giving 

,2 



u _p < HA 



Tlifj " " p 2 



2 d z 

v l 

4 



i-n/: 



3 

3 I 



Imagine now that we have a sequence of horizons at r\ <ri < ... < r m , so that in flowing from 
r = we cannot run past r\. Wri 
gives the Hawking temperature, 



r = we cannot run past r\. Writing fj = 1- (r/rj) Pj , and expanding around u 2 = a(r -r{) 



r= Wggrg2^ ; (3J2) 

47rri 

which can then be used to rewrite (3.71) in terms of temperature T{r\) and the undeformed 
scale A = u/p, which always takes the same form. 
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Lastly, it is essential to note that in order to have a well-defined, physical RG flow, the 
scale A = v/p has to be real and positive. This condition is therefore always equivalent to 
the Breitenlohner-Freedman bound whereby v also has to be real and positive. This shows 
that our construction of the Wilsonian RG is consistent with the AdS/CFT dictionary, as 
well as that the results are clearly probe-dependent. 

4 Alternative interpretation of the double-trace flow and the c-theorem 

In this section, we comment on alternative interpretations of the renormalisation group flow 
we have been analysing so far. We begin by returning to the structure of the holographic 
counter-terms in equation (2.9). In the limit of po 0, we could neglect all terms propor- 
tional to the conformal anomaly, ln(p)<I> o g <£, and cancel terms proportional to the Ricci 
curvature of the induced flat boundary metric, R[g]§ 2 [33]. Notice that both terms appear 
with quadratic powers of We could therefore reinterpret the running of (A_ + 7) < 3? 2 as 
either one by absorbing them into 7. 

Firstly, imagine that we keep our fixed asymptotically AdS metrics with flat boundary 
foliations, so that R[g] = 0. The conformal anomaly only appears in an even number of 
boundary dimensions d. In that case, we reinterpret 7 as the coefficient in front of the 
conformal anomaly, which will be proportional to the expectation value of the boundary 
stress-energy tensor (T„). Hence 7 can be interpreted as being proportional to the c- 
function. We saw in all examples that 7 was a monotonic function, which is therefore 
consistent with the c-theorem [12, 68-71] . 

Imagine instead that we still have an asymptotically AdS bulk, but with the dual 
boundary theory living on a d-dimensional sphere, S d . Its Ricci curvature, R[g] = d(d-l)/£ 2 
is inversely proportional to the square of its radius i. At the AdS infinity, i also goes to 
infinity so R[g] vanishes. When we start flowing into the bulk, the running of 7 can 
now be interpreted as the running of the radius £. And since 7 monotonically increases, 
the radius I monotonically decreases. It is a convenient property of CFT's on S d that 
their central charge can be defined by the integral c = (f S d d d x* s f^gT^ [44, 45]. We can 
match the calculated function 7 with a monotonically increasing R[g] and then use the 
Einstein's equation to recover the flow of Tff. This implies that the c- function can easily 
be determined throughout the flow where it remains monotonic. The analysis is therefore 
again consistent with the c-theorem. 

5 The effective action with multi-trace deformations 

We now return to the effective Wilsonian action (2.12) with a full set of multi-trace defor- 
mations. We expect the effective action to include all possible terms consistent with the 
symmetries of the theory. An infinite series of multi-trace deformations should therefore 
run under the RG flow, unless a reduced form of the effective action closes in on itself 
under successive integrations. In case of a Gaussian action, for example, only double-trace 
deformations run. Even though, as argued in section 2.3, all triple-and higher-trace de- 
formations are subleading in the large- N, they generally turn on and contribute to the 
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flow, in analogy with the Wilsonian e-expansion. We could safely neglect them in extract- 
ing the functional dependence of the cut-off on the bulk, but it is important to analyse 
their behaviour for further establishing the Wilsonian nature of the RG procedure under 
consideration. 

Given the discussion above, we make the following claim: the series of running terms 
in the effective action (2.12) can either be quadratic or infinite. The only other cases 
could emerge when there is some special finely-tuned relation between the metric and the 
scalar potential, coming from some symmetry of the uncompactified, supergravity theory. 
We will now show that this is precisely what happens in our holographic construction of 
the Wilsonian RG, as governed by equation (2.15), and hence (2.16), (2.17), (2.18) and 
(2.19). Equation (2.16) was found to describe the Callan-Symanzik equation on the QFT 
side. Equation (2.17) describes the flow of the anomalous dimension and, equivalently, 
the double-trace beta function. Furthermore, (2.18) describes different multi-trace beta 
functions. Flows of different multi-trace couplings depend on each other, which is reflected 
in the system of coupled (2.17) and (2.18). 

To prove this statement, let us assume that the series of terms A n <l> n terminates at some 
N in the effective action, such that A m = 0, for all m > N+l. We are left with a finite number 
of coupled differential equations (2.16), (2.17) and (2.18), which we refer to by the n* ft -order 
coefficient they describe. The flow of II is described by the l s '-order (2.16). We will not use 
the O'^-order equation (2.19), which gives the cosmological constant. The left-hand side of 
the Hamiltonian RG flow equation (2.15) includes terms up to d p (^^gAjvti?^). The right- 
hand side, however, produces terms up to the order of <£ 2Ar ~ 2 , resulting from (5Sb/8&) ■ 
Matching terms in (2.15), order-by-order in <1>, thus gives 2N - 2 equations, disregarding 
the t/l -order flow of a. The first N are differential equations for A n , i.e. (2.18), whereas 
the remaining N - 2 are algebraic and relate the non-zero X n <N among themselves. They 
are 

n n 

= - o E X nX l+ 2- m + b n , for N + 1 < n < 2N - 2. (5.1) 

^ m=2 

We can immediately see that all couplings in the scalar potential, with n > 2N -2, must be 
equal to zero, b n>2 N-2 = 0. To study the constraints that equations (5.1) impose on X n , we 
can recursively solve the system of algebraic equations by starting with n = 2N - 2. Since 
all A m >7v+i = 0, terms A2A27V-2 + A3A2N-3 + ... + Aat-iAn+i vanish, leaving only A^ in the 
sum. Therefore, 

,2 b 2 N-2 (K x 

A^^, (5-2) 

which completely fixes the value of Ajv by the last coupling in the potential, b 2 N-2- At the 
order of n- 2N -3, equation (5.1) has a series A2A2AT-3 + ... + Aa^Ajv+i of vanishing terms 
and a non-zero Ajv_iAat. We find Aat_iAjv = b 2 2 N-3 ' wn i cn implies 



. b2N-3 N-l 

The coefficient Aat_i is completely fixed by the two couplings b 2 N-3 and b 2 N-2- It is easy 
to see that this behaviour recursively continues as we solve for other A„. At n = 2N - 4, 
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we have non-zero 2\n_2^n + ^j\r-r Similarly, at each step in the recursive process, the 
undetermined, lowest order Ajy_; couples only to Ajy. All other {Ajv-z+i, A^} are at 
that step already fixed by {&2iV-2-2+i> ^2Af-2-«+2) •••> &27V-2}- We can, therefore, solve for 
\n~i in terms of b n >2N-2-i+i and &27V-2-«> appearing in (5.1) at the (2N - 2 - l) th order. 
Hence, all Xn-i are completely fixed by the set of couplings, {b2N-2-u b2N-2-i+i, ■■-) &22V-2}- 
Now, since we have N - 2 equations (5.1), this process ends at I = N - 3 with fixing A3 
in terms of {&at+i, 6tv+2, ^2^-2}- At the lowest order of (5.1), at n = iV + 1, there is 
the term A2A^ + i = 0, leaving A2 undetermined. The anomalous operator dimension 7 
and, equivalently, the double-trace coupling are therefore not constrained by the algebraic 
equations (5.1). 

Coupling constants b n do not depend on p as they are the coefficients of the classical 
scalar potential. If we worked with the full quantum field theory in the bulk, it is possible 
that they would receive renormalisation group contributions which could depend on p. 
We, however, keep the bulk theory classical in correspondence with the large- N boundary 
theory. Similarly, b n cannot depend on momentum k. We have so far shown that the 
assumption of a finite series X n & n in the effective action implies that all A3< n <Ar are uniquely 
determined by bN+i< n <2N-2- They are therefore constant for all 3 < n < N, d p \ n = 0, and 
equal the initial values, X n = a n , which are set by the holographic counter-terms. Equation 
(2.18) now simplifies to give 

= -n\ 2 (p)\ n - ^ Y, ^mXn+2- m + nX n+1 -^=L= + b n , for 3 < n < N. (5.4) 

V-G(p) 1 m=3 \J-9\P) 

When n = N, there is no Aat+iII term, as Atv+i = 0. Now, since b n are ^-independent, so 
are A n , dkb n = d^Ki = 0, for n > 3. We should note that this depends on the fact that 
our probe scalar action included no higher derivatives than second in the kinetic term. If 
it had, the multi-trace RG equations would have to include various momentum terms in 
momentum space. The bulk metric Gmn is also independent of the scalar momentum k, 
hence dkG = dtg = 0. The only momentum dependence in (5.4) therefore comes from A2 
and II, which both have to depend on k due to (2.16) and (2.17). Differentiating (5.4) with 
respect to k gives 

~dk = ^j~dk' for 3 < n < iV. (5.5) 

For n - N with Ajy+i = 0, (5.5) immediately gives Xn = 0. Using (5.2) then implies that 
&2V-2 = 0. But now since A at = 0, equation (5.5) implies that Xjy-i = 0. We can therefore 
recursively see from (5.5) that A at = => Aat_i = => Aat_ 2 = => ... => A4 = => A3 = 0. As 
a result of that, all b n = 0, for N + 1 < n < 2N - 2. Furthermore, from the full (5.5) we can 
see that all b n = 0, for 3 > n > N, as well. Hence we have shown that, assuming 5b had a 
finite number of terms X n <& n , the RG flow equations enforce that all X n and b n , for n > 3, 
be zero throughout the flow. The only non-zero terms left are those that we studied in the 
context of the leading order in the large-A^, i.e. the double-trace sector: n, A2 and m. 
We have, therefore, shown that indeed, as claimed, the Wilsonian effective bare boundary 
action can either be quadratic or infinite. Only the double-trace sector can close in on 
itself under the RG procedure, as is expected in the Wilsonian RG. This fact is also in 
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agreement with the semiclassical path integral derivation of the Wilsonian renormalisation 
from holography in the work of [20]. Lastly, the double-trace sector, with N = 2, is also 
the only case where the number of equations describing the RG flow matches the number 
of running terms, i.e. 2N - 2 = N = 2. 

From our discussion, we see that only in the case when we are working with the 
double-trace sector is it allowed to terminate the series of terms in the effective action. 
Otherwise we must include all possible multi-trace terms, even if the holographic counter- 
terms vanish for certain powers of <£. We should still allow all terms to run and use the 
vanishing initial conditions for the flow of the zero holographic counter-terms. It is still 
possible that then some of them will remain zero throughout the flow. As argued before, 
additional symmetries could restrict the form of multi-trace couplings and make some of 
them vanish. Our analysis therefore confirms the Wilsonian nature of the renormalisation 
procedure we set up from holography. The full, infinite set of coupled differential equations 
which describe the Wilsonian RG flow is, however, in general extremely hard to solve in the 
absence of special symmetries in the problem. We could, in principle, recursively look for 
a solution in the following way, through purely algebraic manipulations. First express A2 
as II by using the l si -order equation (2.16), giving us A2 = - N// ^ rr g i^ n . Then insert A2(n) 
into the 2 nd -order equation (2.17), to obtain A3(n). At the 3 rd -order in (2.18), we use both 
A2(n) and A3(n) to recover A4(I1), and then continue with the same procedure. At each 
recursive step we can express the next A n in terms of II, Gmn and their derivatives. This 
process then continues infinitely many times and we can hope to uncover some symmetry 
or a systematic progression between these extremely complicated expressions, with growing 
complexity at each higher-order of A n . 

There is an interesting and powerful simplification of the renormalisation group equa- 
tions that we now consider as the final part of the multi-trace analysis. We begin with 
the argument from section 2.3, that all multi-trace interactions higher than double-trace, 
are subleading in the large- N limit. As a result, we could neglect the A3II term in the 
double-trace equation (2.17) at the leading order in N. Note, of course, that N in this final 
discussion means the number of the gauge group colours, or matrix elements, and not the 
N that we have so far been using to indicate the A^-order multi-trace coupling where we 
terminated the effective action series. Now, we can similarly imagine a generalisation of 
this argument to a scenario where the (n + l)-point vertices in Feynman diagrams, which 
are proportional to A n+ i, contribute only at a subleading order to the computation of the 
A n beta function. We can therefore recover a partial re-summation of the diagrams that 
contribute to the beta function of A n by neglecting A n+ iII in (2.18). We get 



where F n [A3, A n _i] = | Em=3 and is independent of A n . These first-order dif- 

ferential equation can be analytically solved through recursive integration, at least formally, 




(5.6) 
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for all multi-trace couplings A ra . The solutions of (5.6) are 



r=p 



r=p 




- f L„(r)dlnr 

r =P0 



+ e r=1 



/ L n (r)dlnr 



where we have defined 



L n [X 2 ,g](p) = n\ 2 (p) + 



1 dlng(p) 

2 dlnp 



(5.8) 



and used the Anti-de Sitter-like G rr = 1/r 2 to simplify the form of the solution. We could 
have also solved (5.6) for a general function G rr , without any additional complications. 
At the ra^-order, all {A2, A n _i} are already known, so we can insert these functions in 
solution (5.7), and integrate to obtain A n . We used po to indicate the brane position where 
we specify the boundary conditions, \ n - a n . Due to our construction, we can then take 
po -> and obtain finite, well-defined results for the recursive solution of the full set of 
running multi-trace couplings. 

6 Summary and outlook 

In this paper, we proposed a systematic procedure for finding a precise functional de- 
pendence of the Wilsonian cut-off scale, in theories with scalar operators, on the bulk 
quantities. This procedure can be applied to a wide range of theories. To establish the 
relation between the bulk and the field theory cut-off scale, we constructed the effective 
running bare boundary action from the structure of the holographic counter-terms. Specif- 
ically, using a combination of the counter-terms and the subtracted action, from which 
the renormalised correlators are calculated, we rewrote the bare action and allowed for 
various terms in it to run. Since the counter-terms must always transform under the bulk 
isometries, the structure is consistent with the expectation that all additional terms in the 
Wilsonian effective action must be invariant under the symmetries of the original theory. 
The isometries of the bulk are in fact dual to the symmetries of the boundary QFT. The 
construction depended crucially on working with asymptotically AdS spacetimes, as the 
counter-term structure simplifies significantly in the AdS limit. We only focused on scalar 
bulk actions with dual scalar operators. However, this construction can be applied to any 
other theory once all the relevant holographic counter-terms are known. Of particular 
interest are the bulk fields with higher spins, which are dual to anomalous globally con- 
served boundary operators. Operators without anomalous symmetries are not expected 
to run under RG transformations. Interesting examples of such anomalous operators are 
the stress-energy tensor dual to the bulk graviton, which runs as a result of the conformal 
anomaly, and the R-symmetry current dual to the bulk vector field, which runs due to the 
triangle anomaly. A detailed analysis of the Wilsonian cut-off scale dependence on bulks 
with various types of bulk fields was not the main purpose of this paper. We leave that 
work, in particular the case of dynamical gravity, for future investigation. 

The renormalisation group equations were derived by integrating out thin slabs of ge- 
ometry, as in [19], starting from the AdS infinity. The Hamilton- Jacobi equation in the 
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bulk, with the radial direction replacing time, then evolved the effective action. Using 
the standard (Dirichlet) quantisation, where the conjugate canonical momentum is pro- 
portional to the expectation value of the boundary operator (O), we made connection 
with the Callan-Symanzik equation of the two-point function. We introduced the wave- 
function renormalisation Z, which transformed under the sliding of the brane, p -*■ p + 5p, 
and induced a rescaling transformation on the QFT side of the duality. By noting that 
fully renormalised two-point functions must be invariant under the RG transformations, 
we could connect Z with the anomalous operator dimension 7, coming from the running of 
the counter-term A_$ 2 . The RG flow of the anomalous dimension was shown to coincide 
with the flow of the double-trace deformation, as expected in large- iV theories. 

We imposed renormalisation conditions at the operator scale p = V-k 2 , as well as phys- 
ical conditions on the behaviour of anomalous dimensions, such as reality, non-singularity 
and their having to obey the unitarity bound. The first renormalisation condition was the 
cut-off independence of the anomalous dimension, i.e. d p j = at the RG scale p = \/-k 2 . 
The second condition set the value of the anomalous dimension to 7 = v when the running 
cut-off A reached the RG scale. It followed directly from our imposing the following condi- 
tion on the value of a bare two-point function at the observational RG scale. Namely, since 
no IR divergences were present in our theories, we demanded that the bare correlation func- 
tion should equal its initial value with the cut-off Ao in the extreme UV, where holographic 
renormalisation is performed. Equivalently, the overall rescaling wavefunction renormali- 
sation of O, where the flow terminates, had to be equal to one. We then considered several 
examples, and a precise correspondence between the cut-off and the bulk was established. 
It is interesting to note that the hard Wilsonian cut-off was Lorentzian, contrary to the 
usual field theory examples. We were therefore effectively integrating out momenta below 
a running hyperbola in a light-cone diagram. And although such a cut-off may not be 
sufficient for removing infinities from loop integrals, it makes perfect physical sense. It is 
completely consistent with the expectation that there should exist a relativistic ordering 
of physical phenomena according to their invariant length scales. The Euclidean IR/UV 
hierarchy with a separation of energy and momentum then mixes and a new relativistic 
hierarchy may emerge. 

In the simplest scenario of the M = 4 theory with a pure AdS bulk dual, we confirmed 
that A oc 1/r. Our construction also allowed us to find the precise probe-dependent propor- 
tionality constant, v, which could be changed by coordinate transformations in the bulk. 
This nicely shows how details of the boundary theory depend on the bulk coordinates. It 
also speaks to the fact that our results are probe-dependent and future work will be nec- 
essary to attempt to find a complete probe-independent Wilsonian description of the dual 
QFT. Next, we added an IR mass deformation that broke the theory down to M = 1, i.e. 
the GPPZ flow. We saw that the square of the overall Wilsonian cut-off equaled A 2 + A 2 ^, 
where A was the undeformed Wilsonian scale and Aj^ the mass deformation scale. We 
could also see the existence of a mass gap at the end of the flow. In the case of M = 4 
at finite temperature, similarly, the Wilsonian cut-off equaled A 2 + A 2 -,, where the thermal 
scale A 2 ^ depended on (T/A) d and A 2 . In this theory, a mass gap emerged at the horizon. 
An interesting feature we found was that the thermal scale in d = 2 boundary dimensions, 
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where it was independent of A (and therefore p) , equaled in any number of dimensions 
when the boundary was pushed to the horizon. This suggests a dimensional reduction of 
the effective IR CFT scaling reminiscent of the studies into the emergent two-dimensional 
Virasoro algebras of asymptotic symmetries describing black hole horizons, [65, 66]. We 
compared the thermal case with a charged massive black brane, which gives rise to finite 
temperature and density of the boundary QFT. We found that at the horizon, the Wilso- 
nian scale involved a mixing of two temperatures - one at zero and another at non-zero 
density of the system. In two dimensions, the deformation scale equaled the purely thermal 
scale from the example at zero density. It, however, did not exactly match the deformation 
scale at the horizon in arbitrary d. Further study will be required to understand the physics 
of these IR CFTs. We also analysed the near-extremal M2 and M5 brane backgrounds, 
which are special cases of the massive d-dimensional black brane. All results in the two 
M-theory backgrounds could therefore be directly obtained from the black brane analysis. 

Finally, we generalised our discussion to a metric with both a horizon, inducing Lorentz 
violating temperature or density, and a Lorentz invariant deformation. The latter could 
be a relevant, marginal or irrelevant term with some mass dimension of the coupling. We 
saw that the overall Wilsonian cut-off equaled to the sum of the squares of the three scales, 
minus a mixing term which only existed when there were two or more deformations in the 
theory. We also showed how our generalised discussion could be extended to include an 
arbitrary number of mass deformations and horizons. It would be particularly interesting 
to further look at cases where horizons are represented by smooth functions and hence dual 
to smooth scales. The flow could then pass through them. We leave this problem for future 
investigation. At the end of the section we commented on the fact that for our construction 
to be well-defined and physical the running undeformed scale had to be real and positive. 
This consistency condition turned out to be precisely the Breitenlohner-Freedman bound 
on the scalar probe masses. 

We then went on to briefly comment on how the flow of the anomalous dimension (or 
the double-trace deformation) could be reinterpreted as the flow of the conformal anomaly, 
or alternatively the Ricci curvature of the boundary manifold. In our example, we used 
the S d manifold. Both cases were consistent with the c-theorem, which was ensured by the 
monotonicity of 7 throughout the flow. Further study, in particular of various asymptoti- 
cally AdS manifolds with curved boundary foliations is kept for future work. 

In the last section, we studied the constructed Wilsonian effective bare boundary ac- 
tion with a full, infinite set of multi-trace terms. In order to provide further evidence 
beyond the existence of a momentum cut-off that the renormalisation group procedure 
under consideration is truly Wilsonian, we showed that the effective action must either be 
quadratic (double-trace) or have an infinite series of multi-trace terms. This was shown by 
analysing the full set of the renormalisation group equations, which we had derived from 
holography: the Callan-Symanzik equation, the flow of the anomalous dimension and the 
double-trace beta function, and the infinite set of multi-trace beta functions. The assump- 
tion that the bare boundary action Sb only included a finite number of terms automatically 
lead us to the conclusion that all multi-trace couplings A n , for n > 3, had to be equal to 
zero throughout the entire RG flow. As a result, all coupling constants in the scalar po- 
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tential also had to be zero, with the exception of mass. We therefore showed that only the 
double-trace sector could close in on itself under successive integrations, as in a Gaussian 
field theory. Otherwise, in the absence of special finely-tuned symmetries, an infinite series 
of all possible multi-trace terms permitted by symmetries had to be present in the effective 
action. These results are therefore completely consistent with the Wilsonian renormalisa- 
tion group in quantum field theory. Lastly, we commented on possible recursive procedures 
for obtaining analytic solutions to the full set of the multi-trace flows. 
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